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We investigate the lazy states, entangled states and discordant states for 2-qubit systems. We show
that many lazy states are discordant, many lazy states are entangled, and many mixed entangled
states are not lazy. With these investigations, we provide a laziness-discord-entanglement hierarchy
diagram about 2-qubit quantum correlations.
PACS numbers: 03.65.Ud, 03.67.Mn, 03.65.Aa
I. INTRODUCTION
Quantum correlation is one of the most striking fea-
tures of quantum theory. Entanglement is the most fa-
mous kind of quantum correlation, and leads to power-
ful applications [1]. Discord is another kind of quantum
correlation, which captures more correlation than entan-
glement in the sense that a disentangled state may have
no zero discord [2]. Due to the theoretical and applica-
tional interests, discord has been extensively studied [2]
and still in active research (for examples see [3–6]).
A bipartite state is called lazy, if the entropy rate of
one subsystem is zero under any coupling to the other
subsystem. Necessary and sufficient conditions have re-
cently been established for a state to be lazy [7], and
it was shown that almost all states are pretty lazy [8].
It is shown that a maximally entangled pure state is
lazy[9]. This indicates that the correlation described by
lazy states is not the same by entanglement. So we are
interested to clarify the question that, whether there are
many lazy states which are entangled, and whether there
are many entangled states which are lazy. This paper
answers this question for the 2-qubit case.
This paper is organized as follows. In Section 2, we
briefly review the definitions of entangled states, discor-
dant states and lazy states. In Section 3, we establish a
necessary and sufficient condition for 2-qubit lazy states.
In Section 4, we show that there are many 2-qubit lazy
states which are discordant states. In Section 5, we show
that there are many disentangled states which are not
lazy. In Section 6, we show that there are many 2-qubit
mixed lazy states which are entangled. In section 7,
we briefly summary this paper by providing a laziness-
discord-entanglement hierarchy diagram to characterize
the bipartite quantum correlations.
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II. ENTANGLED STATES, DISCORDANT
STATES, LAZY STATES
We briefly review the definitions about entangled
states, discordant states and lazy states.
Finite-dimensional quantum systems A and B are de-
scribed by the Hilbert spaces HA and HB respectively,
the composite system AB is then described by the Hilbert
space HA ⊗ HB. Let nA = dimH
A, nB = dimH
B.
A state ρAB is called a disentangled state (or separable
state) if it can be written in the form
ρAB =
∑
i
piρ
A
i ⊗ ρ
B
i , (1)
where pi ≥ 0,
∑
i pi = 1, {ρ
A
i }i are density operators on
HA, {ρBi }i are density operators on H
B.If ρAB is disen-
tangled we then say E(ρAB) = 0.
A state ρAB is called a zero-discord state with respect
to A if it can be written in the form
ρAB =
nA∑
i=1
pi|ψ
A
i 〉〈ψ
A
i | ⊗ ρ
B
i , (2)
where pi ≥ 0,
∑
i pi = 1, {|ψ
A
i 〉}i is an orthonormal basis
for HA, {ρBi }i are density operators on H
B.If ρAB is in
the form Eq.(2) we then say DA(ρ
AB) = 0.
Evidently,
DA(ρ
AB) = 0 ⇒
:
E(ρAB) = 0. (3)
A state ρAB is called a lazy state with respect to A if
[7]
CA(ρ
AB) = [ρAB, ρA ⊗ IB] = 0, (4)
where ρA = trBρ
AB, IB is the identity operator on HB.
An important physical interpretation of lazy states is that
the entropy rate of A is zero in the time evolution under
any coupling to B,
CA(ρ
AB(t)) = 0⇔
d
dt
trA[ρ
A(t) log
2
ρA(t)] = 0. (5)
2DA(ρ
AB) = 0 and CA(ρ
AB) = 0 has the inclusion re-
lation below [9]
DA(ρ
AB) = 0 ⇒
:
CA(ρ
AB) = 0. (6)
Maximal pure entangled states are the examples of
CA(ρ
AB) = 0 but DA(ρ
AB) 6= 0 [9].
The direct product states have the form
ρAB = ρA ⊗ ρB, (7)
they are obviously zero-discord states.
III. THE FORM OF 2-QUBIT LAZY STATES
Any 2-qubit state can be written in the form [10]
ρAB =
1
4
(I ⊗ I +
3∑
i=1
xiσi ⊗ I +
3∑
j=1
yjI ⊗ σj
+
3∑
i,j=1
Tijσi ⊗ σj), (8)
where I is the two-dimensional identity operator,{σi}
3
i=1
are Pauli operators, {xi}
3
i=1, {yj}
3
j=1, {Tij}
3
i,j=1, are all
real numbers satisfying some conditions (we will explore
these conditions when we need them) to ensure the posi-
tivity of ρAB, ρA and ρB. We often omit I for simplicity
without any confusion.
Proposition 1. The 2-qubit state ρAB in Eq.(8) is
lazy if and only if
{xi}
3
i=1//{Tij}
3
i=1 for j = 1, 2, 3. (9)
Proof. For state in Eq.(8),
ρA =
1
2
(I +
3∑
k=1
xkσk ⊗ I), (10)
[ρAB, ρA] =
1
8
3∑
ijk=1
Tijxk[σi ⊗ σj , σk ⊗ I]
=
1
8
3∑
ijk=1
Tijxk[σi, σk]⊗ σj
=
i
4
3∑
ijkl=1
Tijxkεiklσl ⊗ σj . (11)
In the last line, εikl is the permutation symbol.
Let [ρAB, ρA] = 0, then
3∑
ik=1
Tijxkεikl = 0, (12)
this evidently leads to Eq.(9). 
IV. LAZY BUT DIACORDANT 2-QUBIT
STATES
It is easy to check that CA(ρ
AB) = 0 defined in Eq.(4)
is invariant under locally unitary transformations for ar-
bitrary nA and nB. Under locally unitary transforma-
tions, any 2-qubit state in Eq.(8) can be written in the
form [11]
ρAB =
1
4
(I ⊗ I +
3∑
i=1
xiσi ⊗ I +
3∑
j=1
yjI ⊗ σj
+
3∑
i=1
λiσi ⊗ σi), (13)
where 0 ≤ λ1 ≤ λ2 ≤ λ3 being the singular values of
{Tij}ij in Eq.(8). Note that {xi}
3
i=1, {yj}
3
j=1 in Eq.(9)
are not the same with in Eq.(8).
We now look for the conditions such that DA(ρ
AB) =
0. Suppose DA(ρ
AB) = 0, then according to Eq.(2), there
exists real vector −→n = {n1, n2, n3} with n
2
1
+n2
2
+n2
3
= 1
such that
ρAB = Π0 ⊗ Iρ
ABΠ0 ⊗ I +Π1 ⊗ Iρ
ABΠ1 ⊗ I, (14)
with
Π0 =
1
2
(I +−→n · −→σ ), (15)
Π1 =
1
2
(I −−→n · −→σ ). (16)
It can be check that
Π0σiΠ0 +Π1σiΠ1 = ni
−→n · −→σ . (17)
Then Eq.(14) becomes
ρAB =
1
4
(I ⊗ I +
3∑
i=1
xini
−→n · −→σ ⊗ I
+
3∑
j=1
yjI ⊗ σj +
3∑
i=1
λini
−→n · −→σ ⊗ σi)
=
1
4
(I ⊗ I +
3∑
ij=1
xininjσj ⊗ I
+
3∑
j=1
yjI ⊗ σj +
3∑
ij=1
λininjσj ⊗ σi). (18)
Comparing to Eq.(13), then for j = 1, 2, 3,
3∑
i=1
xininj = xj ⇒
−→n //−→x , (19)
λininj = δijλj = δijλi ⇒ λi = 0 or ni = ±1. (20)
(i).If λ1 = λ2 = λ3 = 0, let
−→n //−→x , then DA(ρ
AB) = 0.
3(ii).If 0 = λ1 = λ2 < λ3 = 0, then
−→n = (0, 0,±1), to
satisfy −→n //−→x , we see that only when −→x = (0, 0, x3) we
have DA(ρ
AB) = 0.
(iii).If 0 = λ1 < λ2 < λ3 = 0, then Eq.(20) can not be
satisfied, so ρAB is discordant.
(iv).If 0 < λ1 < λ2 < λ3 = 0, then Eq.(20) can not be
satisfied, so ρAB is discordant.
Comparing with Proposition 1, we then get Proposi-
tion 2 below.
Proposition 2. A 2-qubit state in Eq.(13) is lazy but
discordant if and only if −→x = 0 and 0 < λ2 < λ3.
Since any locally unitary transformation keeps −→x =
0 invariant in Eq.(8), then we rewrite Proposition 2 as
Proposition 2′ below.
Proposition 2′. A 2-qubit state in Eq.(8) is lazy but
discordant if and only if −→x = 0 and the matrix {Tij}ij
have at least two positive singular values.
We make a note that some constraints about
{yj}
3
j=1, λ1, λ2, λ3 are required to guarantee the positiv-
ity of ρAB, ρA, ρB in Proposition 2.These constraints are
rather complex since there are so many parameters. To
show there indeed exist many states described in Propo-
sition 2, we choose some special states. For the state
ρAB =
1
4
(I ⊗ I +
3∑
j=1
yjI ⊗ σj +
3∑
i=1
λiσi ⊗ σi), (21)
where 0 ≤ λ1 ≤ λ2, 0 < λ2 < λ3, we have ρ
A = I,and
ρB =
1
2
(I +
3∑
j=1
yjσj). (22)
ρB is positive then
3∑
j=1
y2j ≤ 1. (23)
Let y2 = y3 = λ1 = 0, then the four eigenvalues of ρ
AB
in Eq.(21) are
1
4
(1±
√
y2
1
+ (λ3 ± λ2)2). (24)
These eigenvalues are all nonnegtive then we need
0 < λ2 < λ3, (25)
y2
1
+ (λ3 + λ2)
2 ≤ 1. (26)
There are many triples {y1, λ3, λ2} satisfy Eqs.(25,26),
then the corresponding states in Eq.(21) are lazy but
discordant states.
V. SOME DISENTANGLED BUT NOT LAZY
2-QUBIT STATES
To show there exist many 2-qubit states which are dis-
entangled but not lazy, we consider the states of the form
ρAB = p|ψA
1
〉〈ψA
1
| ⊗ ρB
1
+ (1− p)|ψA
2
〉〈ψA
2
| ⊗ ρB
2
, (27)
where p ∈ (0, 1), {|ψAi 〉}
2
i=1 are normalized states in H
A
but not necessarily orthogonal,{ρBi }
2
i=1 are density oper-
ators on HB. Note that p = 0 or p = 1 leads to direct
product states, so we do not consider such cases.
Under locally unitary transformations, we let
|ψA
1
〉〈ψA
1
| =
I + (0, 0, 1) · −→σ
2
, (28)
|ψA
2
〉〈ψA
2
| =
I + (sinα, 0, cosα) · −→σ
2
, (29)
ρB
1
=
I + a(0, 0, 1) · −→σ
2
, (30)
ρB
2
=
I + b(sinβ, 0, cosβ) · −→σ
2
, (31)
where α, β ∈ [0, pi], a, b ∈ [0, 1].
Some special states can be apparently specified.
(v).α = 0, ρAB in Eq.(27) are direct product states;
(vi).α = pi, ρAB in Eq.(27) are zero-discord states;
(vii).a = b = 0, ρAB in Eq.(27) are direct product
states.
Now we consider the cases excluding (v), (vi), (vii)
above. Taking Eqs.(28-31) into Eq.(27), and using the
notations in Eq.(8), we get
−→x = ((1− p) sinα, 0, p+ (1− p) cosα), (32)
{Ti1}i = (b(1− p) sinα sinβ, 0, b(1− p) cosα sinβ),
(33)
{Ti2}i = (0, 0, 0), (34)
{Ti3}i = (b(1 − p) sinα cosβ, 0, ap+ b(1− p) cosα cosβ).
(35)
From Proposition 1, ρAB in Eq.(27) is lazy if and only if
−→x //{Ti1}i and
−→x //{Ti3}i. Since x1 = (1 − p) sinα 6= 0,
then −→x //{Ti1}i and
−→x //{Ti3}i lead to
b sinβ = 0. (36)
a = b cosβ. (37)
Eqs.(36,37) together correspond to direct product states
since ρB
1
= ρB
2
. Otherwise, there are many states violate
Eq.(36) or Eq.(37), so they are not lazy states.
Proposition 3. 2-qubit disentangled state ρAB in
Eq.(27), is a direct product state when |ψA
1
〉 = |ψA
2
〉 or
ρB
1
= ρB
2
, is a zero-discord state when 〈ψA
1
|ψA
2
〉 = 0.
Otherwise, ρAB is not lazy.
4VI. SOME LAZY BUT ENTANGLED STATES
We know that a bipartite pure state is lazy only if
under locally unitary transformations it can be written in
the form [7] |ψAB〉 = 1√
s
∑s
i=1 |ψ
A
i 〉|ψ
B
i 〉, where {|ψ
A
i 〉}i
are orthonormal sets in HA, {|ψBi 〉}i are orthonormal
sets in HB, s ≤ min{nA, nB}. When s = min{nA, nB} it
is maximally entangled state. In this section we look for
more 2-qubit mixed states which are lazy but entangled.
From Proposition 1, we know the following 2-qubit
Bell-diagonal states are lazy
ρAB =
1
4
(I ⊗ I +
3∑
i=1
λiσi ⊗ σi), (38)
where {λi}
3
i=1 are real numbers satisfying some con-
straints to ensure the positivity of ρAB.
In this section, for convenience, we do not assume
{λi}
3
i=1 are all nonnegative. We represent the states in
Eq.(38) in the (λ1, λ2, λ3) space.
The eigenvalues of ρAB in Eq.(38) are
1
4
{1− λ1 + λ2 + λ3, 1 + λ1 − λ2 + λ3,
1 + λ1 + λ2 − λ3, 1− λ1 − λ2 − λ3}. (39)
Then the positivity of ρAB requires that {λi}
3
i=1 are
in the tetrahedron (with its boundary) with the ver-
tices (−1,−1,−1), (−1, 1, 1), (1,−1, 1), (1, 1,−1) in the
(λ1, λ2, λ3) space [12]. Disentangled states in Eq.(38) are
in the octahedron (with its boundary) with the vertices
(±1, 0, 0), (0,±1, 0), (0, 0,±1) [12]. From Proposition 2,
we know the zero-discord states in Eq.(38) are only three
line segments (λ1, 0, 0) with λ1 ∈ [−1, 1], (0, λ2, 0) with
λ2 ∈ [−1, 1], (0, 0, λ3) with λ3 ∈ [−1, 1].
Then the states in the tetrahedron (with its bound-
ary) but not in the octahedron (with its boundary) are
lazy but entangled. Among these, only the states at the
vertices of tetrahedron are (maximally entangled) pure
states.
VII. SUMMARY: A HIERARCHY DIAGRAM
We explored some 2-qubit states, showed that many
states are lazy but discordant, many states are lazy but
entangled, and many states are disentangled but not lazy.
With these investigations, we can surely give a hierar-
chy diagram (Figure 1) of 2-qubit states, including lazy
states, disentangled states and zero-discord states.


FIG. 1: laziness-discord-entanglement diagram
This hierarchy diagram enriches the entanglement-
discord hierarchy, then provides more understandings
about the structures of quantum correlations.
This work was supported by the National Natural Sci-
ence Foundation of China (Grant No.11347213) and the
Research Start-up Foundation for Talents of Northwest
A&F University of China (Grant No.2013BSJJ041). The
author thanks Zi-Qing Wang and Chang-Yong Liu for
helpful discussions.
[1] R. Horodecki et al., Rev. Mod. Phys. 81, 865 (2009), and
references therein.
[2] K. Modi, A. Brodutch, H. Cable, T. Paterek, V. Vedral,
Rev. Mod. Phys. 84 1655C1707 (2012) and references
therein.
[3] C.C. Rulli, M.S. Sarandy, Phys. Rev. A 84 042109 (2011).
[4] J. Xu, Phys. Lett. A 377 238 (2013).
[5] D. P. Chi, J. S. Kim, and K. Lee, Phys. Rev. A 87 062339
(2013).
[6] S.-Y. Liu, Y.-R. Zhang, L.-M. Zhao, W.-L. Yang, and H.
Fan, arXiv:1307.4848.
[7] C. A. Rodriguez-Rosario, G. Kimura, H. Imai, and A.
Aspuru-Guzik, Phys. Rev. Lett. 106 050403 (2011).
[8] A. Hutter and S. Wehner, Phys. Rev. Lett. 108 070501
(2012)
[9] A. Ferraro, L. Aolita, D. Cavalcanti, F. Cucchietti, and
A. Acin, Phys. Rev. A 81 052318 (2010).
[10] U. Fano, Rev. Mod. Phys. 55 855 (1983).
[11] S. Luo, Phys. Rev. A 77 042303 (2008).
[12] Horodecki, R. and M. Horodecki, Phys. Rev. A 54 1838
(1996).
